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Abstract
We investigate the center-of-mass momentum distribution nQ of Cooper pairs and their first-
order correlation function g1(r) in a strongly interacting two-dimensional Fermi gas. Recently,
the BKT (Berezinskii-Kosterlitz-Thouless) transition was reported in a two-dimensional 6Li Fermi
gas, based on (1) the observations of anomalous enhancement of nQ=0 [M. G. Ries, et. al., Phys.
Rev. Lett. 114, 230401 (2015)], as well as (2) a power-law behavior of g1(r) [P. A. Murthy, et.
al., Phys. Rev. Lett. 115, 010401 (2015)]. However, including pairing fluctuations within a T -
matrix approximation (TMA), we show that these results can still be explained as strong-coupling
properties of a normal-state two-dimensional Fermi gas. Our results indicate the importance of
further experimental observations, to definitely confirm the realization of the BKT transition in
this system. Since the BKT transition has been realized in a two-dimensional ultracold Bose gas,
our results would be useful for the achievement of this quasi-long range order in an ultracold Fermi
gas.
PACS numbers: 03.75.Ss, 03.75.-b, 67.85.Lm
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I. INTRODUCTION
Since the achievement of the BKT (Berezinskii-Kosterlitz-Thouless) transition[1–4] in a
two-dimensional 87Rb Bose gas[5–7], the possibility of this quasi-long range order[8, 9] in a
Fermi gas has been explored both theoretically[10–22] and experimentally[23–27]. Once the
BKT transition is realized, using a tunable pairing interaction associated with a Feshbach
resonance[28, 29], we can examine physical properties of this two-dimensional Fermi super-
fluid, from the weak-coupling regime to the strong-coupling limit in a systematic manner.
Since the BCS (Bardeen-Cooper-Schrieffer)-BEC (Bose Einstein condensation) crossover[30–
39] has been realized in the three dimensional case[40–43], it is an interesting problem how
this kind of crossover phenomenon occurs in the two-dimensional case[44].
Recently, the realization of the BKT transition was reported in a strongly interacting
two-dimensional 6Li Fermi gas[45]. In this experiment, the center-of-mass momentum dis-
tribution nQ of Cooper pairs was measured, by using a focusing technique[26] developed in
an ultracold Bose gas[46–48]. The BKT transition temperature T expBKT was experimentally
determined as the temperature below which the number nQ=0 of Cooper pairs with zero
center-of-mass momentum anomalously increases. Below T expBKT, the power-law decay of the
first-order correlation function of Cooper-pair bosons,
g1(r) = 〈Φ†(r)Φ(0)〉 ∼ 1
rη
, (1)
was also reported as another evidence for the BKT transition[49] (where Φ(r) is the Bose
field describing Cooper pairs).
However, the interpretation for these experiments[45, 49] still has room for discussion.
First, while the observed T expBKT increases with decreasing the strength of a pairing interac-
tion, this tendency is opposite to the prediction by the BKT theory[10–12, 16]. Second, the
observed exponent η ≃ 1.4 in Eq. (1) at T expBKT is much larger than the theoretical prediction,
η = 0.25[1–4]. For the latter, this theoretical value has experimentally been observed in a
two-dimensional 87Rb Bose gas[5], as well as in an exciton-polariton condensate in a two-
dimensional quantum well[50]. At present, the so-called universal jump of the superfluid
density ρs[51], as well as vortex-antivortex pair annihilations[1–4] (that are both character-
istic of a BKT superfluid), have not been observed at T expBKT. Thus, it is a crucial problem in
the current stage of research whether the observed anomaly in nQ=0, as well as the power-
law behavior of g1(r) (apart from the value of the exponent), are enough to conclude the
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BKT phase transition, or further evidence is necessary in order to unambiguously confirm
the achievement of this two-dimensional Fermi superfluid.
In this paper, including pairing fluctuations within the framework of a T -matrix ap-
proximation (TMA)[36, 52], we investigate strong-coupling corrections to the number nQ of
Cooper pairs with center-of-mass momentum Q, as well as their first-order correlation func-
tion g1(r), in a normal-state two-dimensional ultracold Fermi gas. In the three-dimensional
case, TMA has extensively been used to examine the so-called pseudogap phenomenon as-
sociated with strong pairing fluctuations in the BCS-BEC crossover region[52–56]. TMA
has also been applied to a two-dimensional 40K normal Fermi gas in a harmonic trap[14], to
successfully explain the pseudogap size observed by a photoemission-type experiment[23].
Thus, although TMA cannot deal with the BKT transition[8, 9, 13], we can expect that it is
still useful for the study of strong-coupling physics in the normal state of a two-dimensional
Fermi gas.
Within the framework of TMA, we examine whether the anomalous amplification of nQ=0
observed in a two-dimensional 6Li Fermi gas[45] is unique to the BKT phase transition, or
it can be understood as a strong-coupling phenomenon in the normal state. In a previous
paper[19], we have briefly discussed this problem at an intermediate coupling strength. In
this paper, we extend this to a wide region with respect to the interaction strength. In
addition to this, we also evaluate g1(r) within the same TMA, to see whether or not the
BKT transition is necessary to explain the observed large value of the exponent, η ≃ 1.4.
We briefly note that, Ref. [20] recently discussed a two-dimensional Fermi gas on the
viewpoint of quasi-condensate, within a static approximation to the amplitude of pairing
fluctuations. In this paper, we fully deal with pairing fluctuations within TMA, without
employing any further approximation to them.
This paper is organized as follows. In Sec. II, we explain a strong-coupling T -matrix
approximation (TMA) in a two-dimensional normal Fermi gas. In Sec. III, we examine
nQ=0, to see how the temperature around which nQ=0 starts to remarkably increase is close
to T expBKT observed in a two-dimensional
6Li Fermi gas[45]. In Sec. IV, we consider g1(r).
Following the experimental prescription[49], we extract the exponent η in Eq. (1) from the
calculated g1(r), to examine whether or not the observed value η ≃ 1.4[49] can be explained
in the normal state, without assuming the BKT transition. Throughout this paper, we take
~ = kB = 1, and the system area is taken to be unity, for simplicity.
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Σ = Γ
G0
   =
-U
   +    +    +...
FIG. 1: Self-energy correction Σ(p, iωn) in a T -matrix approximation (TMA). The solid line is the
single-particle Green’s function G0 for a free Fermi gas. −U is a pairing interaction. Γ is the TMA
particle-particle scattering matrix.
II. FORMULATION
We consider a two-dimensional uniform Fermi gas, described by the BCS Hamiltonian,
H =
∑
p,σ
ξpc
†
p,σcp,σ − U
∑
p,p′,Q
c†
p+Q/2,↑c
†
−p+Q/2,↓c−p′+Q/2,↓cp′+Q/2,↑. (2)
Here, c†p,σ is the creation operator of a Fermi atom with pseudospin σ =↑, ↓, and the two-
dimensional momentum p = (px, py). ξp = p
2/(2m) − µ is the kinetic energy of a Fermi
atom, measured from the Fermi chemical potential µ, where m is an atomic mass. −U (< 0)
is a tunable pairing interaction associated with a Feshbach resonance[28, 29]. As usual, we
conveniently measure the interaction strength in terms of the the s-wave scattering length
a2D, which is related to U as, in the two-dimensional case[14, 57],
1
U
=
m
2pi
ln (kFa2D) +
∑
p≥kF
m
p2
, (3)
where kF is the Fermi momentum. In this scale, the weak coupling side and the strong-
coupling side are characterized as ln(kFa2D) & 0, and ln(kFa2D) <∼ 0, respectively.
Strong-coupling effects on Fermi single-particle excitations are well described by the self-
energy correction Σ(p, iωn) in the single-particle thermal Green’s function, given by
G(p, iωn) =
1
iωn − ξp − Σ(p, iωn) , (4)
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where ωn is the fermion Matsubara frequency. In TMA, the self-energy is diagrammatically
described as Fig. 1, which gives[36, 52]
Σ(p, iωn) = T
∑
Q,iνn
Γ(Q, iνn)G0(Q− p, iνn − iωn). (5)
Here, νn is the boson Matsubara frequency, and
G0(p, iωn) =
1
iωn − ξp (6)
is the single-particle Green’s function for a free Fermi gas. In Eq. (5),
Γ(Q, iνn) = − U
1− UΠ(Q, iνn) (7)
is the TMA particle-particle scattering matrix, where
Π(Q, iνn) = T
∑
p,iωn
G0(p+Q/2, iνn + iωn)G0(−p+Q/2,−iωn)
=
∑
p
1− f(ξp+Q/2)− f(ξ−p+Q/2)
ξp+Q/2 + ξ−p+Q/2 − iνn , (8)
is the lowest-order pair-correlation function, describing two-dimensional pairing fluctuations,
where f(x) is the Fermi distribution function.
The Fermi chemical potential µ is determined from the equation for the total number N
of Fermi atoms, given by
N = 2T
∑
p,iωn
G(p, iωn), (9)
where the TMA Green’s function G(p, iωn) in Eq. (4) is used.
To simply see that TMA does not give a finite superfluid phase transition temperature
Tc in the two-dimensional case, we note that the equation for Tc in a three-dimensional
Fermi superfluid is conveniently obtained from the Thouless criterion[58], stating that the
superfluid instability occurs when the particle-particle scattering matrix Γ(Q, iνn) in Eq.
(7) has a pole at Q = νn = 0, as
1− UΠ(0, 0) = 0. (10)
In the BCS-BEC crossover region, one solves the Tc-equation (10), together with the number
equation (9), to self-consistently determine Tc and µ. At Tc, noting that Γ(Q, iνn = 0)
around Q = 0 has the form
Γ(Q, 0) ≃ 2
(
∂2Π(Q, 0)
∂Q2
)−1
Q=0
1
Q2
≡ γ
Q2
, (11)
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one can approximate the TMA self-energy in Eq. (5) to
Σ(p, iωn) = T
∑
Q
Γ(Q, 0)G0(Q− p,−iωn) + T
∑
Q,νn 6=0
Γ(Q, iνn)G0(Q− p, iνn − iωn)
≃ TγG0(−p,−iωn)
∑
Q
1
Q2
+ T
∑
Q,νn 6=0
Γ(Q, iνn)G0(Q− p, iνn − iωn). (12)
While Eq. (12) converges in the three-dimensional case, the summation
∑
Q(1/Q
2) loga-
rithmically diverges in two dimension, the latter of which means that the coupled equations
(9) with (10) are never satisfied simultaneously. As a result, as shown in Fig. 2, the Fermi
chemical potential µ which is determined from the number equation (9) is always smaller
than the chemical potential µTh which satisfies the Thouless criterion in Eq. (10)[59, 60].
The essence of this vanishing Tc is just the same as the Hohenberg’s theorem[9], stating
that the superfluid long-range order in the two-dimensional case is completely destroyed by
low-energy superfluid fluctuations.
To introduce the center-of-mass momentum distribution nQ of Cooper pairs in the present
TMA formalism, we conveniently divide the number equation (9) into the sum of the number
N0 of a free Fermi atoms and the fluctuation correction δN , as N = N0 + δN . Each
component is given by,
N0 = 2T
∑
p,iωn
G0(p, iωn) = 2
∑
p
f(ξp), (13)
δN = 2T
∑
p,iωn
[G(p, iωn)−G0(p, iωn)] . (14)
Equation (14) involves the number of stable Cooper pairs, as well as the contribution of the
so-called scattering states[32], the latter of which physically describes effects of fluctuations
in Cooper channel. Although the latter is somehow different from the “number” of particles
because it is known to become negative in the three-dimensional case[32], this paper simply
deals with scattering states as fluctuating Cooper-pair bosons. In this case, when we relate
nQ to δN as δN = 2
∑
Q nQ (Note that one boson counts as two Fermi atoms.), we obtain
from Eq (14),
nQ = T
∑
iνn
Γ(Q, iνn)T
∑
p,iωn
G0(Q− p, iνn − iωn)G0(p, iωn)G(p, iωn). (15)
Indeed, Eq. (15) has the bosonic character in the strong-coupling side (where µ < 0), as
nQ ≃ ZnB
(
Q2
2M
− µB
)
(T ≪ |µ|), (16)
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FIG. 2: (Color online) Calculated Fermi chemical potential µ in a two-dimensional Fermi gas, as a
function of temperature. µTh is the chemical potential which satisfies the Thouless criterion in Eq.
(10). TF and εF are the Fermi temperature and Fermi energy, respectively. We note that µ(T ) is
always smaller than µTh(T ) when T > 0.
where nB(x) is the Bose distribution function. (We summarize the derivation of Eq. (16)
in the Appendix.) Equation (16) just equals the momentum distribution of a Bose gas with
the molecular mass, M = 2m, the Bose chemical potential potential,
µB = −2|µ| ln
(
2|µ|
E2Dbind
)
(< 0) (17)
(where E2Dbind = 1/(ma
2
2D) is the binding energy of a two-body bound state[61]), and the
renormalization factor,
Z =
|µ|
|µ|+ εF , (18)
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FIG. 3: (Color online) Calculated center-of-mass momentum distribution function nQ of Cooper
pairs in Eq. (15) in the strong-coupling side (ln(kFa2D) < 0). The filled circles (squares) show Eq.
(16) when ln(kFa2D) = −0.59 (ln(kFa2D) = −2).
which effectively describes deviation from an ideal Bose gas due to a finite value of the pairing
interaction. In the strong-coupling limit (where the Fermi chemical potential µ approaches
half the binding energy as µ = −E2Dbind/2→ −∞), the renormalization factor Z in Eq. (18)
is reduced to unity, so that Eq. (16) simply gives the ordinary momentum distribution of
an ideal Bose gas, as expected.
As shown in Fig. 3, nQ in Eq. (15) is well described by Eq. (16), not only deep inside
the strong-coupling regime (ln(kFa2D) = −2), but also in the region relatively close to the
intermediate coupling region (ln(kFa2D) = −0.59) when T ≪ TF (where TF is the Fermi
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temperature). This indicates that the present definition of nQ really has the meaning of the
momentum distribution of Cooper-pair “bosons” in the strong-coupling side ln(kFa2D) <∼ 0.
Once nQ is determined, the first-order correlation function g1(r) of Cooper-pair bosons
is immediately obtained from the Fourier transformation of nQ in Eq. (15) as
g1(r) =
∑
Q
nQe
iQ·r. (19)
Before ending this section, we discuss the validity of the TMA in the two-dimensional
case. When µ ≃ µTh (see Fig. 2), pairing fluctuations described by the TMA particle-
particle scattering matrix Γ(Q, iνn) in Eq. (7) are strongly enhanced around Q = νn = 0,
leading to a pseudogap in the single-particle density of states ρ(ω)[16, 18]. Indeed, in such
situation, one may approximate the self-energy in Eq. (5) to[52, 53]
Σ(p, iωn) ≃ G0(−p,−iωn)T
∑
Q,iνn
Γ (Q, iνn) . (20)
The TMA single-particle Green’s function in Eq. (4) then has the same form as the diagonal
component of the BCS Green’s function[62] as,
G(p, iωn) = − iωn + ξp
ω2n + ξ
2
p +∆
2
PG
. (21)
As in the ordinary BCS theory, Eq. (21) gives a pseudogap in ρ(ω), with the gap size,
∆PG =
√
−T
∑
Q,iνn
Γ (Q, iνn), (22)
when µ > 0. Since the Q-summation diverges in the two-dimensional case when µ = µTh
is satisfied (see the discussion below Eq. (12)), the pseudogap would become remarkable in
the temperature region where µ ≃ µTh in Fig. 2.
However, such a strong-coupling phenomenon (that is further enhanced by the two-
dimensionality of the system) is completely ignored in the TMA particle-particle scattering
matrix Γ(Q, iνn) in Eq. (7), because the bare Green’s function G0 is still used there. Since an
energy gap should suppress pairing fluctuations, TMA is considered to overestimate strong-
coupling effects in the low temperature region of the weak-coupling regime where µ ≃ µTh.
This would also affect the center-of-mass momentum distribution function nQ of Cooper
pairs through the factor Γ(Q, iνn) appearing in Eq. (15).
When µ < 0 in the strong-coupling side (ln(kFa2D) < 0), the approximate Green’s
function in Eq. (20) has the pseudogap with the gap size being equal to, not ∆PG, but
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EPG =
√|µ|2 +∆2PG. In this regime, this effect is partially taken into account in the TMA
particle-particle scattering matrix Γ(Q, iνn), because the bare Green’s function G0 in Eq.
(6) has a finite energy gap |µ| when µ < 0. In the strong-coupling limit, because |µ| ≫ ∆PG,
one finds EPG → |µ|.
Thus, in this paper, we restrict our TMA analyses to the strong-coupling side, ln(kFa2D) <
0, where µ < 0. As mentioned previously, nQ also has the required bosonic character in
this regime. To extend our analyses to the weak-coupling side, we need to include strong-
coupling corrections to the particle-particle scattering matrix Γ(Q, iνn) beyond TMA, such
as the self-consistent T -matrix approximation[15] (where the dressed Green’s function is
used in Γ(Q, iνn)). This extension remains as our future problem.
III. THE NUMBER nQ=0 OF COOPER PAIRS WITH ZERO CENTER OF MASS
MOMENTUM
Figure 4(a) shows the number nQ=0 of Cooper pairs with zero center-of-mass momentum.
In this figure, we see that nQ=0 is anomalously enhanced at low temperatures, which is in
good agreement with the recent experiment on a two-dimensional 6Li Fermi gas[45], as
shown in Fig. 4(b). In this experiment[45], the BKT phase transition temperature T expBKT is
determined as the temperature below which a large number of Cooper-pair bosons start to
occupy the zero center-of-mass-momentum state. For this purpose, this experiment first fits
the low temperature data (T/TF <∼ 0.1) and high temperature data (T/TF ≫ 0.1) to two
linear functions as shown in Fig. 4(b) (dashed line), to determine T expBKT as the temperature at
their intersection. Although this experimental prescription seems difficult to directly apply
to the calculated nQ=0 (because it actually does not exhibit linear temperature dependence
in the low temperature region, as well as in the high temperature region), Fig. 4(b) clearly
shows that our result also starts to remarkably increase with decreasing the temperature
when T <∼ T expBKT. As shown in the inset in Fig. 4(b), this agreement is also obtained for
other coupling strengths in the strong-coupling side.
However, we emphasize that the remarkable increase of nQ=0 shown in Fig. 4(a) is
nothing to do with the BKT instability, because TMA does not give any superfluid phase
transition in the two-dimensional case. Instead, as shown in the inset in Fig. 4(b), the
low temperature behavior of the TMA nQ=0 at ln(kFa2D) = −2 is well described by the
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FIG. 4: (Color online) (a) Calculated number nQ=0 of Cooper pairs with zero center-of-mass
momentum (Q = 0) in TMA. In this figure, nQ=0 is normalized by the value (≡ n˜Q=0) at the
observed BKT phase transition temperature T expBKT = 0.129TF when ln (kFa2D) = −0.59[45]. (b)
Comparison of the calculated nQ=0 (solid line) with the experimental result on a
6Li Fermi gas at
ln (kFa2D) = −0.59 (filled circles)[45]. In this experiment, low temperature data and high temper-
ature data are approximated to two T -linear functions (dashed lines in Fig. 4(b)), to determine
T expBKT as the temperature at their intersection. The inset shows the temperature dependence of
nQ=0 in TMA around T
exp
BKT (filled circles)[45]. In this inset “ideal Bose gas” is the momentum
distribution function of a two-dimensional ideal gas of N/2 molecular bosons with the molecular
mass M = 2m.
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temperature. The inset shows Z at T = 0.1TF.
momentum distribution function in a two-dimensional ideal Bose gas (“ideal Bose gas” in
the inset in Fig. 4(b)), consisting of N/2 molecular bosons with a molecular mass M = 2m.
In a two-dimensional ideal Bose gas, while the Bose-Einstein condensation is forbidden at
finite temperatures, the Bose chemical potential µB becomes very small at low temperatures
(see Fig. 5(a)), which naturally causes the remarkable amplification of the number nidealQ=0 of
ideal bosons at Q = 0 as
nidealQ=0 =
1
e|µB|/T − 1 ≃
T
|µB| ≫ 1. (23)
To explain the interaction dependence of T expBKT seen in the inset in Fig. 4(b) within the
framework of TMA, we recall that the low temperature behavior of nQ=0 in the strong-
coupling side is well described by Eq. (16) (see Fig. 3). Using this, we can rewrite the
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number equation (9) as
N
2
= Z
∑
Q
nB
(
Q2
2M
− µB
)
=
∫ ∞
0
QdQ
2pi
nB
(
Q2
2(ZM)
− µB
)
, (24)
where, for simplicity, we have ignored the contribution N0 of free Fermi atoms, by using the
fact that µ < 0 in the strong-coupling side. Equation (24) is just the number equation in
an ideal Bose gas, consisting of N/2 bosons with an effective molecular mass M∗ = ZM .
As shown in Fig. 5(b), the renormalization factor Z becomes small with decreasing the
interaction strength, reflecting that fluctuations of Cooper-pair bosons gradually become
important. Thus, the effective mass M∗ = ZM becomes smaller for a weaker pairing
interaction. Then, since the Bose chemical potential potential µB becomes close to zero
from higher temperatures in the case of lighter boson mass M∗ (see Figs. 5(a) and 5(b)),
the remarkable enhancement of nQ=0 starts to occur from higher temperatures for a weaker
pairing interaction. The inset in Fig. 4(b) indicates that this interaction dependence of
nQ=0 well explains the behavior of T
exp
BKT observed in a
6Li Fermi gas[45].
We briefly note that the interaction dependence of the observed T expBKT is quite opposite to
the prediction by the BKT theory[10–12, 16], where the BKT phase transition temperature
is lowered, as one passes through the intermediate coupling regime from the strong-coupling
side. At this stage, it is unclear whether the observed behavior of T expBKT can be explained by
improving the current BKT theory or not, our results indicate that it can be understood as
a normal-state property of a strongly interacting two-dimensional Fermi gas, at least in the
strong-coupling side.
IV. FIRST-ORDER CORRELATION FUNCTION g1(r) OF COOPER PAIR
BOSONS
In Ref. [49], the exponent η of the power-law decay in the first-order correlation function
g1(r) ∼ 1/rη of Cooper-pairs is experimentally determined in the spatial region 5µm ≤ r ≤
25µm[63], in order to avoid effects of the edge of a gas cloud in a harmonic trap. When
we also employ this prescription to theoretically evaluate η in TMA, we obtain the fitting
results at ln(kFa2D) = −0.59, shown in Fig. 6. The resulting exponent η is found to agree
well with the recent experiment on a 6Li Fermi gas below T expBKT = 0.11TF[49], as shown in
Fig. 7. In this figure, one also sees that our results agree with the experimental data in
13
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FIG. 6: (Color online) Calculated TMA first-order correlation function g1(r) of Cooper-pair bosons.
We take ln (kFa2D) = −0.59. The dashed line is the fitting result by the least squares method,
when the fitting function g1(r) = C/r
η is assumed in the spatial region, 5µm ≤ r ≤ 25µm. (In this
region, Ref. [49] experimentally evaluates η.) The filled circles show Eq. (25).
the stronger coupling cases, ln(kFa2D) = −3.4 (T expBKT = 0.1TF) as well as ln(kFa2D) = −7.3
(T expBKT = 0.089TF).
As mentioned previously, the observed value η ≃ 1.4 at T expBKT is much larger than the
prediction η = 0.25 by the ordinary BKT theory[1–4]. To understand why the present TMA
approach reproduces the observed large value, it is useful to approximately evaluate the
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result when the ordinary Bose distribution function is used in calculating g1(r). Since this result
is almost the same as those when ln (kFa2D) = −3.4 and −7.3, we do not explicitly show the latter
two cases in this figure. We also show experimental results at ln (kFa2D) = −0.59 (filled circles),
−3.4 (filled squares), and −7.3 (filled triangles)[49, 64]. These experimental data are also obtained
from the spatial variation of g1(r) in the restricted spatial region, 5µm ≤ r ≤ 25µm[63].
first-order correlation function g1(r) in Eq. (19) by using Eq. (16), as
g1(r) ≃ Z
∑
Q
nB
(
Q2
2M
− µB
)
eiQ·r
≃ ZT
∫
dQ
4pi2
1
Q2
2M
− µB
eiQ·r
=
MTZ
pi
K0(
√
2M |µB|r), (25)
where K0(x) is the modified Bessel function. In the second line, we have assumed that the
Bose distribution function is remarkably enhanced around Q = 0. As shown in Fig. 6, Eq.
(25) well describes the spatial variation of g1(r), especially in the “experimental window,”
5µm ≤ r ≤ 25µm[49, 63]. Using the asymptotic form of the modified Bessel function
K0(x≫ 1), we find
g1(r) ≃ MTZ√
2pi
1√√
2M |µB|r
e−
√
2M |µB|r. (26)
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Because µB(T > 0) in the two-dimensional case, Eq. (26) involves both the power-law decay
(1/r0.5) and the exponential decay (e−
√
2M |µB|r). Thus, fitting this function to g1(r) ∝ 1/rη
only in the “experimental window,” one obtains η > 0.5 at T expBKT, as seen in Fig. 7[65].
When ln(kFa2D) <∼ − 2, the renormalization factor Z almost equals unity, as shown in
the inset in Fig. 5(b). As a result, the center-of-mass momentum distribution function nQ
of Cooper pairs is reduced to the Bose distribution function nB(Q
2/(2M) − µB), which no
longer depends on the interaction strength. In Fig. 7, the dashed line corresponds to this
situation, giving η ≃ 1.4 when T ≃ 0.1TF. This also naturally explains the reason why the
experimental result on a 6Li Fermi gas[49] (η ≃ 1.4 at T expBKT ≃ 0.1) is almost independent of
the interaction strength in the strong-coupling side.
V. SUMMARY
To summarize, we have discussed low-temperature properties of a two-dimensional ul-
tracold Fermi gas in the normal state. Including pairing fluctuations within a T -matrix
approximation (TMA), we have calculated the center-of-mass momentum distribution nQ,
as well as the first-order correlation function g1(r), of Cooper pairs in the strong-coupling
side (ln(kFa2D) < 0).
Recently, the remarkable amplification of the number nQ=0 of Cooper pairs with zero
center-of-mass-momentum was reported in a two-dimensional 6Li Fermi gas as a signature
of the BKT phase transition[45]. However, we clarified that this phenomenon can be quanti-
tatively explained as a normal-state property of a strongly interacting two-dimensional Fermi
gas, at least in the strong-coupling side. In this regime, the distribution function nQ was
shown to be well described by the Bose distribution function with the renormalization fac-
tor Z describing pairing fluctuations. Including the interaction dependence of Z, we showed
that the temperature around which nQ=0 starts to remarkably be enhanced increases with
decreasing the interaction strength. This explains the observed behavior of the BKT phase
transition temperature T expBKT, which was determined as the temperature below which nQ=0
remarkably increases. We briefly note that the interaction dependence of T expBKT is opposite
to the prediction by the BKT theory that the BKT phase transition temperature should
decrease with decreasing the interaction strength[1–4]. In this regard, since we consider the
normal state, our results do not contradict with this theoretical prediction.
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Within the same theoretical framework, we have also considered the origin of the observed
large value of the exponent η ≃ 1.4[49] in the first-order correlation function g1(r) ∝ 1/rη
at T expBKT. Although g1(r) in the normal state actually exhibits an exponential decay, when
we fit the calculated first-order correlation function to g1(r) ∝ 1/rη in a restricted spatial
region as done in the recent experiment[49], we found that the calculated η well explains the
observed large value T expBKT.
Although our results do not immediately deny the recent realization of the BKT phase
transition in a two-dimensional 6Li Fermi gas, we note that the some of the observed results
do not agree with the ordinary BKT theory and the previous experiments on the BKT state
in a two-dimensional Bose gas, as well as an exciton-polariton condensate. Since we clarified
that these disagreements can be consistently resolved, if the system is still in the strongly
interacting normal state, further experimental observations would be necessary, in order to
unambiguously conclude that the BKT state is really realized in this system.
In this paper, we have only dealt with the normal state, to see to what extent the recent
experiments[45, 49] can be explained as normal-state properties of a two-dimensional Fermi
gas. To theoretically explore how to unambiguously detect the BKT transition within the
current experimental technology in cold Fermi gas physics, extending the present TMA
work to include the BKT transition is an interesting future problem. As mentioned at the
end of Sec. II, inclusion of strong-coupling corrections to the particle-particle scattering
matrix Γ(Q, iνn) is also important to examine the weak-coupling side. Since the BKT phase
transition is one of most exciting topics in cold Fermi gas physics, our results would be useful
for the study of this two-dimensional Fermi superfluid.
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Appendix A: Derivation of Eq. (16)
In the strong-coupling regime where µ < 0 and the system is dominated by tightly bound
molecules, expanding the pair correlation function Π(Q, iνn) in Eq. (8) in terms of Q and
νn to O(Q
2) and O(νn), respectively, we have
Γ(Q, νn) =
8pi|µ|
m
1
iνn − Q22M + µB
, (A1)
where M = 2m, and
µB = − 1
U
+Π(0, 0) = −2|µ| ln
(
2|µ|
Ebind
)
. (A2)
In obtaining Eq. (A1), we have assumed T ≪ |µ|. At finite temperatures, since the super-
fluid phase transition does not occur in the two-dimensional case, the Thouless criterion in
Eq. (10) is never satisfied, as 1 − UΠ(0, 0) > 0. Thus, the Bose chemical potential µB is
always negative, as expected.
Substituting Eq. (A1) into Eq. (15), and noting that Eq. (A1) becomes large around
Q = νn = 0, we obtain
nQ ≃
[
T
∑
p,iωn
G0(−p,−iωn)G0(p, iωn)G(p, iωn)
]
T
∑
iνn
Γ(Q, iνn)
= −
[
T
∑
p,iωn
G0(−p,−iωn)G0(p, iωn)G(p, iωn)
]
8pi|µ|
m
nB
(
Q2
2M
− µB
)
. (A3)
Applying the same approximation to the TMA self-energy Σ(p, iωn) in Eq. (5), we obtain
Eq. (20), leading to Eq. (21). Here, the pseudogap parameter ∆PG in Eq. (22) has the
form,
∆PG =
√√√√8pi|µ|
m
∑
Q
nB
(
Q2
2M
− µB
)
. (A4)
Using Eq. (21), we carry out the ωn-summation in Eq. (A3). Then one obtains
nQ =
2|µ|(√|µ|2 +∆2PG − |µ|)
∆2PG
nB
(
Q2
2M
− µB
)
. (A5)
In the strong-coupling regime (µ < 0), the number N0 of free Fermi atoms are almost absent
at low temperatures (T ≪ |µ|), so that the number equation N = N0+ δN is dominated by
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the fluctuation correction δN = 2
∑
Q nQ, as
N ≃ δN = 2|µ|[
√|µ|2 +∆2PG − |µ|]
∆2PG
∑
Q
nB
(
Q2
2M
− µB
)
=
m
4pi
[√
|µ|2 +∆2PG − |µ|
]
, (A6)
where we have used Eq. (A5) in obtaining the last expression. Substituting N = k2F/(2pi)
into Eq. (A6), one finds ∆PG = 2
√
εF(εF + |µ|). The substitution of this result into Eq.
(A5) gives Eq. (16).
In the low temperature limit T → 0, the right hand side of the first line in Eq. (A6) is
finite only when µB → 0, so that one finds µ(T → 0) = −E2Dbind/2.
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